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Abstract
We have demonstrated that a rather weak external optical feedback with delay can lead to the
mode switching of the counterpropogating modes. The delay time should be longer then any system
characteristic time. The equations describing the ring resonator with the delayed optical feedback
was obtained from the first principles. The analytical formula for the necessary external feedback
strength was derived. Other than the regular behavior, the system demonstrates a complex chaotic
behavior.
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I. INTRODUCTION.
The ring lasers are actively studied recently[1–5]. The common counterpropogating mode
switching effect(without feedback) and other interaction effects in the ring lasers was pre-
dicted theoretically for the two-level active media [6]. In some explanations of this effect the
assumption about the substantial effect of noise was used [7, 8]. The mode switching effect
have been observed experimentally in the gas lasers [9, 10], in the dye lasers [11] and in the
Nd-YAG laser [12]. Frequency detuning between the center of active-media gain spectrum
and the resonator-mode frequency is a very important parameter for the mode switching
effect in the two-level active media. For large enough frequency detuning the unidirectional
regime becames unstable and superseded by the mode switching regime [6].
The purpose of this paper is to show that it is possible to achieve the mode switching even
when the frequency detuning is too small to induce it. This can be achieved by adding an
external optical feedback as illustrated in fig. 1. We consider just two counterpropagating
modes: ”plus-” and ”minus-mode” with the same frequency ωc. The part of ”plus-mode”
(”minus-mode”) power leaves the resonator, propagating outside the cavity during the time
τ ′ and than return back to the opposite mode - ”minus-mode” (”plus-mode”).
The first consideration of the semiconductor ring laser with the delayed optical feed-
back was done in [13]. The model equation of such a laser was written using a common
semiconductor ring-laser equations [14].
The second space harmonic of the population inversion was not considered because of
a large carriers diffusion. As a result, some interesting dynamical effects (even the chaotic
behavior) was obtained, except for the mode switching due to the optical feedback [13]. In
this paper the equation of the ring laser with delayed optical feedback will be obtained from
the first principles taking in account the second space harmonica. As it will be shown below,
this equations coincide with that from [13] for the high carrier diffusion. When the diffusion
is small as it is in the case of gas laser or quantum dot semiconductor laser, the mode
switching effect could be achieved by the adding of the external delayed optical feedback.
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Figure 1. The ring laser with the delayed optical feedback.
II. THE EQUATIONS FOR THE RING RESONATOR WITH THE EXTERNAL
DELAYED OPTICAL FEEDBACK.
The device with external delayed optical feedback does not described by the common
semi-classical laser equations [15] and first of all we should derive the proper equations. The
laser semi-classical equation ( with notation from [16] ) can be written as
i(∂t′ +Kj)βj(t′)− ωc jβj(t′) =
n
L
∫ L
0
dxg∗j (x)α(x, t
′) (1a)
i(∂t′ + γ⊥)α(x, t′)− ωAα(x, t′) =
−D(x, t′)
∑
j
gj(x)βj(t
′) (1b)
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i(∂t′ + γ‖)D(x, t′) =
iσγ‖ + 2
∑
j
[gj(x)α
∗(x, t′)βj(t′)− c.c.)] (1c)
Here the electric field expanded in the modes of resonators Ein(x, t
′) =
∑
βj(t
′) gj(x) cj,
where index j takes values of all mode numbers.
βj(t
′) is a mode complex amplitude and gj(x) is a space distribution of the mode field, cj
are the normalization constants.
The value α(x, t′) is the induced polarization, D(x, t′) is the population inversion. Kj is
the the resonator loss, γ⊥ and γ‖ are the cross- and longitudinal- relaxation times, n is the
active-medium particle concentration, ωc j is the frequency of j resonator‘s mode and ωA is
the central frequency of active-media gain band. The symbol σ means the steady value of
D(x, t′) for the zero fields (βj(t′) = 0; ∂t′D(x, t′) = 0).
To explain the derivation of the equations with the delay optical feedback, let us consider
the simplest case: a single mode system without am active medium. Let us suppose that
there are external independent fields exciting the resonator mode. This fields Eex(x, t
′) =
fex(t
′)Êex(x) satisfy the wave equation in free space ∆Eex(x, t′) − 1c2 ∂
2Eex(x,t′)
∂t′2 = 0. The
resonator is a ”perturbation” of the free space. The spatial part Êm(x) of a single mode field
Em(x, t
′) = fm(t′)Êm(x) in the resonator satisfies the equation ∆Êm(x)+ (x)
ω2m
c2
Êm(x) = 0.
In an open resonator ωm should be a complex number, but it is not significant. Our purpose
is to obtain the solution of the total equation ∆Etotal(x, t
′) − (x)
c2
∂2Etotal(x,t
′)
∂t′2 = 0 with the
”boundary condition” that the field far from the resonator is Etotal(∞, t′) = Eex(∞, t′).
So, let us look for the total solution in the approximate form Etotal(x, t
′) = fm(t′)Êm(x) +
fex(t
′)Êex(x). Here fm(t′) is the only unknown function. Using all conditions mentioned
above and the Em(x) normalization
∫
Êm(x)(x)Ê
∗
m(x) = 1, one obtains ω
2
mfm(t
′)+ f¨m(t′)+
f¨ex(t
′)α = 0 ,where α =
∫
Êex(x)((x)−1)Ê∗m(x). This expression is equivalent to the linear
oscillator equation with an external force.
The next step is to exclude the second time derivation. We suppose the external force to
be almost in the resonance ωm ∼ ωex. If the external field has the form fex(t′) = F (t′)E−iωext′ ,
where F (t′) is a slowly varying function, we can write fm(t′) = C(t′)E−iωmt
′
. Here C(t′) is
a slowly varying function. Using the slow variation of functions and assuming C¨(t′) → 0 ,
F¨ (t′)→ 0 and αF˙ (t′)→ 0 one obtains f˙m(t′) = −iωmfm(t′) + iαω2ex2ωm fex(t′). So, the external
force leads to the simple summand in the right part.
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The similar calculations for the two coupled modes with the active medium [15] leads to
the modified form of (1). After some mathematical transformation that are similar to that
in [6] one obtains:
(∂t + 1)E1 = wE2τ + (1 + i∆)A˜(E1D0 + E2D
∗
1) (2)
(∂t + 1)E2 = wE1τ + (1 + i∆)A˜(E2D0 + E1D1)
(∂t + d‖)D0 = d‖ − d˜‖D0(|E1|2 + |E2|2)− d˜‖(E1E∗2D1 + cc)
(∂t + d
a
‖)D1 = −d˜‖D1(|E1|2 + |E2|2)− d˜‖E∗1E2D0.
Here w - is a small coupling parameter, Ej(t) = (
4|g|2
γ‖γ⊥
)1/2eiωctβj(t); Dn(t) =
1
Lσ
∫ L
0
Dei2nkxdx;
t = t′K1; τ = τ ′K1; A = σn|g|2γ⊥K1 ; d‖ =
γ‖
K1 ; d⊥ =
γ⊥
K1 ; w = w
′eiωcτd ; |g|2 = 2piωc
h¯
µ2;
∆ = ωc−ωA
γ⊥
; µ is a dipole moment. Subscrip ”τ” means delaying on time τ , for example
E1τ = E1(t − τ). Symbol ”∼” over the other symbol means f˜ = f1+∆2 . Symbol ”cc” is a
short-cut for complex conjugation. Generally, the constant da‖ 6= d‖, it allows to takes into
account the additional relaxation of inversion grating due to carriers diffusion [18].
Note that the energy that returns back to the resonator over the feedback was taken from
one of the resonator‘s modes. This losses should be taken into account in the Kj constants.
The equations (2) describes the main types of ring lasers with the delayed optical feedback.
It is the main equations of the paper and all the following are based on them.
If one neglects the delayed feedback (w = 0), the equations (2) reduce to that from [6]. On
the other hand, for the common semiconductor laser the diffusion coefficient is large da‖ >> d‖
and the spatial harmonica D1(t) could be adiabatically excluded. Assuming D
′
1(t) = 0 we
obtain da‖D1 ≈ −d˜‖E∗1E2D0 and the equations (2) became similar to the equations from [13].
However, there is a difference between them in the terms like ∼ |E1|2E1 and ∼ |E1|2|E1|2.
This difference is due to the fact that we neglected the possible dependence of constants in
(1) from the light intensity.We also neglected the non delayed backscattering. Both effects
are not very significant for the mode switching effect.
5
a) b)
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Figure 2. Numerical solution of the equations (2) for the various feedback strength w. (a) w=0.0025
(b) w=0.0039 (c) w=0.01
III. THE NUMERICAL STUDY OF THE MODE SWITCHING EFFECT.
The numerical solutions of (2) for the CO2 laser with typical parameters A = 4 , d‖ =
da‖ = 2 · 10−4, ∆ = 0.02, τ = 5000 and different w are represented in the fig. 2. According to
[6] ∆crit ≈
√
d‖A2
A−1 = 0.032, so there is no mode switching without external feedback(w = 0)
It is shown in the pictures, for a small feedback strength w = 0.0025 the unidirectional
steady state solution is stable. For the critical value of the feedback strength wcrit = 0.0039
this solution loses stability and a complex chaotic behavior is observed.There is the stable
mode switching regime in the system when the feedback strength is high enough (w = 0.01).
The pattern ”unidirectional solution - chaotic behavior - stable mode switching” is the
typical pattern for the growing w and the different parameter values. The chaotic behavior
is observed in a narrow range of w. However, the behavior of the system is very complex
and we don’t claim for it total investigation.
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IV. THE ANALYTICAL FORMULA FOR THE THRESHOLD FEEDBACK STRENGTH
w.
Now our purpose is to find the formula for the feedback strength wswitch that force the
laser to operate in a mode switching regime. As it can be seen from above, wswitch has the
numerical value close to wcrit wherein the unidirectional solution loses it stability wswitch ∼
wcrit.
To find wcrit we shall investigate the stability of the unidirectional solution of the equa-
tions (2). These equations are not the common nonlinear differential equations but the
differential equations with a deviating argument. This type of equations is scantily studied
, but the solution-stability problem was discussed in great details (see for example [17]).
The calculation of wcrit is represented in Appendix A and the approximate upper bound
for the wcrit is
|wcrit|2 =
√
A− 1√d‖([(A− 1)d‖ + da‖]2 −∆2(A− 1) d‖)
da‖ + (A− 1)d‖
(3)
for d‖ << 1, da‖ << 1, ∆
2 << 1 and τ >> 1/d‖.
When d‖ = da‖ the expression is simplified:
|wcrit simp|2 =
√
A− 1√d‖(A2 d‖ −∆2(A− 1))
A
. (4)
When w > wcrit guaranteed that the steady unidirectional solution lose it‘s stability.
The accuracy of (3) was checked by comparison of the values wcrit and ”stable switching”
strength wswitch obtained by the accurate numerical solution of (2) with the corresponding
value wcrit obtained from (3). The results are represented in fig. 3
The interesting feature of this formula is that when ∆ = 0, wcrit 6= 0. It means that even
when there is no frequency detuning, the mode switching regime is possible. In physical
parameters described after (1) this inequality is
w2 >
1
γ⊥
√
σn|g|2
γ⊥K1 − 1
√
γ‖
K1
σn|g|2γ‖
K21
(5)
for ∆ = 0. For the semiconductor laser with quantum dots (without carrier diffusion and
detuning) d‖ = 3 · 10−3; d⊥ = 3 ; A = 2 ; ∆ = 0, [19] and the formula (3) gives
w > 0.07. Thus, only 7% of the leaking energy have to be coupled to the opposite mode.
This gives a hope that the effect could be observers in such lasers.
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Figure 3. Comparation of the formula (4) and the numerical calculations results.The values
wcrit num and wswitch num are the critical feedback force and the feedback strength that force the
laser to operate in a stable switching regime, obtained due to the numerical calculations. The
wcrit form is the critical strength calculated, using the formula (3).
V. CONCLUSION
In this paper the equations describing the ring resonator with the delayed external optical
feedback (2) was obtained. The numerical study of these equations shows that a weak exter-
nal delayed optical feedback is enough to induce the mode switching effect. The analytical
formula for the critical value of the feedback strength (3) was obtained and the comparation
with the numerical solutions shows the correctness of the formula (3). This formula could
be applied to the semiconductor ring lasers with quantum dots, if one put ∆ = 0. The
calculation shows that it is theoretically possible to obtain mode switching effect in such
lasers.
The equations of the model (2) have a very complicated behavior and reveal the different
non trivial effects, but we do not claim for the full classification of these effects. For instance
the solution could depend on the initial conditions. So, there are some different attractors
in the system and each of them forms a basin of attraction. Some kind of ”period doubling”
effect was observed when the feedback force becomes strong w ∼ 10wcrit, etcetera.
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Appendix A: Derivation of the analytical formula for the feedback strength wcrit
enough to unidirectional steady state solution lose it‘s stability.
First of all, let us rewrite the eqations (2) in real numbers. Making the replacment
E1,2(t) = |E1,2(t)|eiϕ1,2(t); D1 = |D1|eiϕs ; D0 = |D0|, one obtains:
˙|E1| = −|E1|+ w|E2τ |cos(ϕ2τ − ϕ1) + A˜|E1||D0|+ γmA˜|E2| |D1|cos(ϕ∆ + γa) (A1)
ϕ˙1|E1| = w|E2τ |sin(ϕ2τ − ϕ1) + ∆A˜|E1||D0|+ γm A˜|E2||D1|sin(ϕ∆ + γa)
˙|E2| = −|E2|+ w|E1τ |cos(ϕ1τ − ϕ2) + A˜|E2||D0|+ γmA˜|E1| |D1|cos(−ϕ∆ + γa) (A2)
ϕ˙2|E2| = w|E1τ |sin(ϕ1τ − ϕ2) + ∆A˜|E2|D0 + γm A˜|E1||D1|sin(−ϕ∆ + γa)
ϕ˙sD0 = −d‖D0 + d‖ − d˜‖D0(|E1|2 + |E2|2)− d˜‖|D1||E1||E2|2cos(ϕ∆)
D˙1 = −da‖D1 − d˜‖D1(E21 + E22)− d˜‖D0E1E2cos(ϕ∆)
ϕ˙sD1 = −d˜‖D0E1E2τsin(ϕ∆)
Here ϕ∆ = ϕ2 − ϕ1 − ϕs; γm =
√
1 + ∆2 and γa = Atan(∆). Generally, the constant
w is a complex number, but here we assume it real. For our purposes it is enough. The
modules could be steady only if the phases satisfy the equality ϕ1,2 = Ωt+ ψ1,2, where ψ1,2
are constants, Ω ≈ ∆ is an unknown constant, and the phase ϕs(t) = ψs is a constant too.
The unidirectional steady state in the linear approximation in w is
Ds0 =
1
A˜
; Ds1 =
w
A˜γm
; Es1 =
√
A2 − γ2m; Es2 = w
da‖+d‖E
s
1
2
d˜‖Es1γm
; ψ2 − ψ1 − ψs = pi;
ψ2 − ψ1 + Ωτ + γa = 0;
The steady-state phase equalities have a simple physical meaning. The relation ψ2−ψ1−
ψs = pi is equivalent to ϕ2(t)− ϕ2(t)− ϕs(t) = pi. It means that the standing wave formed
by counterpropogating modes, burns the population inversion grating, so the second space
harmonica D1 is shifted in phase on pi relatively to the standing wave.
The relation ψ2 − ψ1 + Ωτ + γa = 0 is equivalent to ϕ2(t) − ϕ1(t − τ) = −γa. It means
that the phase of E2 is almost equal to that for E1(t− τ).
To find the stationary value of Ω approximately is incorrect when Ωτ >> 1. It is a
problem, because wcrit is a rapidly oscillating function of the τ . So, to obtain the upper
bound of wcrit, one can slightly change the τ to the nearest τup corresponding to the local
maximum of wcrit(τ)
To suppress the mode switching, the standing wave formed by the delayed counterpro-
pogating modes should be in the phase with the grating burned by the non delayed standing
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wave. In other words ϕ1(t− τup)−ϕ2(t− τup)−ϕs(t) = 0, i.e. the phase shift is zero. Using
this condition and another steady state conditions, one obtains Ω τup =
pi
2
+ pim, where
m = ...,−1, 0, 1, ....
Now let us consider the stability of unidirectional solution. The linearization of (A2) near
the stationary point gives:
˙δE1 = −B1 · δE2 + w cos(ψD − Ωτ) · δE2τ − B4B1
B2
· δD1 +B4Es1 · δD0
˙δE2 = −B1 · δE1 +B1 · δE1τ +B1Es1∆ · δψ1 −B1Es1∆ · δψ1τ −B4Es1 · δD1 +
B1E
s
1∆ · δψs + (B1B4/B2) · δD0
ψ˙2 = B4∆ · δD0 −B2∆ · δE1 +B2∆ · δE1τ − (B2B4∆E
s
1)
B1
· δD1−B2Es1 · δψ1 +B2Es1 · δψ1τ −
B2E
s
1 · δψs + (2B22Es1cos[1/2(γa + ψs + Ωτ)]/B1) · δE2(A3)
ψ˙1 = B4∆ · δD0 − (B1B4∆)/(B2Es1) · δD1 − (B1∆/Es1) · δE2 + (w sin[ψD − Ωτ ]/Es1) · δE2τ
˙δD1 = (d‖Es1/A) · δE2− (da‖ +
(Es1)
2d‖
γ2m
) · δD1
˙δψs = −B3ψ1 +B3 · δψ2 −B3 · δψs
˙δD0 = −(2d‖Es1/A) · δE1 − d‖(1 + (Es1)2/γ2m) · δD0,
where B1 = w/γm; B2 =
Es1
(da‖/d‖+(E
s
1)
2)γ2m
; B3 = d
a
‖ + (E
s
1)
2d‖; B4 = A/γ2m These
equations are a long-studied linear delayed equation [17]. We shall look for the solution
having the form {δE1(t), δE2(t), δψ2(t), δψ2(t), δD1(t), δψs(t), δD0(t)} = −→a ep t, where −→a is
a seven-dimensional constant vector, and p is a constant. For that purpose it is necessary to
solve the algebraic equation for the determinant, just as for common linear equations. For
the delayed differential equations this algebraic characteristic equation is quasi-polynomial
and has the form
P0(p) + w
2(P1(p) + P2(p) e
−τ p + P3(p) e−2 τ p) = 0 (A4)
accurate to w2. Here P0,1,2,3(p) are polynoms, w
2 << 1 and τ >> d‖. It is known that the
steady point of nonlinear equation is stable if and only if the linearizated equation have only
the decreasing solutions (Re[p] < 0 for all p). In the physically-interesting systems d‖ << 1,
A > 1, ∆2 << 1. The case without external feedback [6] corresponds to w = 0. Then (A4)
has Re[p] < 0 for ∆2 <
d‖A˜2
A˜−1 .
It will be shown that the feedback force necessary for switching is decrease to zero when
∆2 → d‖A˜2
A˜−1 , so ∆
2 and d‖ have the same order of smallness. The values p2 and d‖ have the
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same order of smallness too because pw=0 ≈
√
d‖(−i
√
A− 1− A
√
d‖
2
+ ∆
√
A−1
2
) for w=0.The
series expansion in parameters d‖ and ∆2 shows that P3(ıpi) >> P2(ıpi).
Let‘s find the constant w = w0, when the solution of (A4) has Re[p] = 0, p = 0 + ıpi. We
consider
P0(ipi) + w
2(P1(ipi) + P3(ipi) e
−i2τ pi) = 0, (A5)
where the real numbers w2 and pi are unknown.
In the case τ >> 1 it is incorrect to use the standard perturbation theory with a small
parameter w2 to solve this algebraic equation, because of the fast oscillation of the small
correction w2(P1(ipi) + P3(ipi) e
−i2τ pi). That‘s why we used special method described in
Appendix B.
Appendix B
To explain the solution method of the equation (A5), let us consider the simple equation
sin(bx) = ax ,where b >> a, so sin(bx) is a fast-oscillating function. This equation has no
roots x0, for ax0 > 1. If b >> a the maximum root xmax satisfies the equation xmaxa ≈ 1.
The principal idea here is to substitute the fast oscillating function by its envelope.
As a bit more complicated example, we consider the equation
p2 + b p+ c+ w ((p2 + p)e−τp + 2) = 0 (B1)
for the complex p. Here b << c, τ >> 1, b > 0; c > 0. The formulation of this problem is
completely analogous to (A4).
For w = 0 this equation has two roots with a negative real part. Our purpose is to find
the value of wcrit, when the real part becomes zero. It means that p has the form p = i q,
where q is a real number, so the equation can be rewritten as f(q) = −q2 + i b q + c +
w((−q2 + iq)e−i τ q + 2) and f(q) = 0. Now we can consider the left part of the equation f(q)
as a two dimensional parametric curve:
x(q) = Re[f(q)] = −q2 + c+ w(Re[(−q2 + iq)e−i τ q] + 2)
y(q) = Im[f(q)] = bq + w(Im[(−q2 + iq)e−i τ q]).
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Figure 4.
The problem has been reduced to the problem of the finding the value w for which the
parametric curve passes through the origin(x=0;y=0). In the case w=0 the smooth curve
f(q) is passing near the zero. When w 6= 0 the typical curve is shown in the fig. 4. After
the averaging this curve over the fast oscillating period one obtains:
x¯(q) = −q2 + c+ 2w
y¯(q) = bq.
The fast oscillating part is:
xosc(q) = Re[w(−q2 + iq)e−i τ q]
yosc(q) = Im[w(−q2 + iq)e−i τ q]
So we can build two envelop curves and the whole curve is confined between them as
it is shown in fig 4 Our purpose is to find such a w for which the coordinate origin will
be between these envelopes. The distance between mean and envelope curves is a smooth
function of q and could be found as d = Abs[w(−q2 + iq)]. In our case the point on the
mean curve nearest to the origin, is the root of the equation q20− c ≈ 0. Using this geometry
considerations one obtains that wcrit =
b√
c+1
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